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ABSTRACT: Group theory and ab initio electronic structure calculations are
combined to formulate a general protocol called “SAFOR” to understand and
predict how to improve the second harmonic generation (SHG) response in
acentric nonlinear optical crystals. Using the prototypical SHG borate β-
BaB2O4, we show how the SHG d-tensor can be formulated from mode
effective dij coefficients obtained as a linear combination of symmetry-adapted
displacement patterns that transform as irreducible representations of a
centrosymmetric parent structure. Since this protocol does not require any constraints on the crystal topology or anionic
moieties in the structure, we suggest it constitutes a powerful tool to understand and design new SHG compounds through
atomic-structure governing principles.
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Tunable laser frequency sources are required in a variety of
applications ranging from the study of correlated electrons

in superconductors,1 interfacial electrochemical energy con-
version reactions,2 materials processing,3 medical imaging
technologies,4 and building secure high-speed optical net-
works.5 They often rely on frequency-doubled light, achieved
through a nonlinear optical (NLO) light−matter interaction
known as second-harmonic generation (SHG) that is active in
materials without inversion symmetry.6 The absence of
inversion symmetry is a necessary condition, but depending
on the physio-chemical properties, for example, birefringence,
phase-matchability,7 transparency (absorption) edges, mechan-
ical strength, and critically high SHG coefficients (dij), strong
performance is not guaranteed. Therefore, the relationship
between the atomic structural features and the macroscopic
optical coefficients should be explored to understand how to
design and discover high-performing SHG crystals.
Experimental discovery of new and useful NLO crystals with

large SHG coefficients is challenging and time-consuming,
because it requires development cycles that include candidate
material identification, single crystal growth, optical testing, and
further structural optimization.8 Several computational methods
have been developed to make the process more efficient by
narrowing the composition−structure phase space for exper-
imental exploration to only the most favorable structures and
chemistries. Chen’s well-established “anionic group theory”
provides a fast computational method to aid the search of new
NLO crystals,9,10 however, it relies on a priori understanding
that well-defined anionic groups exists in the structure, a major
limitation when the structure lacks well-defined polyhedral
units as in many low-dimensional structures containing 1D
chains.11

An alternative method called the real-space-atom-cutting
(RSAC) approach is based on the decomposition of the
electronic density into atomic contributions.12−14 It has proven

useful in explaining how chemical substitution can enhance
SHG in established structure types,15 because unlike Chen’s
method, it is able to distinguish among the single atomic
contributions rather than collective anionic moieties to the
global SHG response. Yet, there is no unique way to partition
the electronic charge density in crystalline materials, and the
RSAC method requires substantial testing of different
partitioning schemes. It largely benefits from a thorough
electronic structure understanding of the NLO crystal, features
problematic when searching for or designing new compounds
in advance of synthesis.
Recently, we introduced a symmetry-based approach16 to

quantify the degree of inversion symmetry breaking in a polar
structure. The authors of ref 16 showed that it is possible to
correlate the observed macroscopic SHG intensity with the
amplitude, specifically of collective displacement modes, and
“density” of polar distortions. This description, however, did
not formally establish a connection between such displacements
and the size of the second-order dielectric susceptibility.
Building from this last approach, we show in this Letter that

the SHG response (dij tensor) can be decomposed into unique
acentric structural contributions using a Symmetry-Assisted
Functional Optical Response (SAFOR) analysis, which unites
applied group theory and ab initio density functional
calculations to understand the origin of the magnitudes of
the SHG coefficients. We formulate an atomic structure−
optical function relationship in terms of a response activated at
a symmetry breaking transition due to correlated atomic
displacements, in a similar manner done previously for the
electric polarization and Curie temperature in ferroelectric
materials.17 We apply the SAFOR formalism to the widely used

Received: September 20, 2013
Published: January 8, 2014

Letter

pubs.acs.org/journal/apchd5

© 2014 American Chemical Society 96 dx.doi.org/10.1021/ph400049h | ACS Photonics 2014, 1, 96−100

pubs.acs.org/journal/apchd5


ultraviolet NLO crystal β-barium borate, BaB2O4, which
achieves frequency-doubled wavelengths near 189 nm,18−20 to
unambiguously identify which fundamental atomic motifs, for
example, the Ba2+ cations and [B3O6]

3− units, dictate the size of
the SHG coefficients. From this knowledge, we argue the
SAFOR analysis facilities efforts to enhance the SHG response
in new or known materials through selective control over the
atomic scale distortions using displacement “directors” that
stabilize the targeted acentric geometries.
To isolate the contributions of acentric distortions to the

SHG response, we follow an approach commonly used in the
crystallographic study of displacive phase transitions referred to
as mode-crystallography.21 In this framework, the “distorted”
crystal structure of interest with space group symmetry ( ) is
described relative to a higher pseudosymmetric structure ( )
such that a well-defined group−subgroup relationship, that is,

⊂ , exists between the two phases. The lower symmetry
crystal is described as a superposition of static symmetry
breaking structural distortions or modes, which represent
cooperative atomic displacements that when “frozen” into the
high symmetry structure reproduce the symmetry and the
exact crystal structure of the distorted phase.
Here, we exploit the fact that the distorted (specifically

noncentrosymmetric) structure can be written as a linear
combination of orthonormal symmetry-adapted modes from a
complete basis set22 consisting of the irreducible representa-
tions (irreps) of the space group . The global displacement
vector u(μ, i), which “encodes” the essential atomic structure
information, that is, atom positions μ and possible Wyckoff
orbit splittings i connecting the high- and low-symmetry
structures, is obtained as a linear combination of independent
modes formulated from irreps at various wavevectors (τ) with
mode symmetries (m) within as

∑ εμ τ μ= |
τ

τi A m iu( , ) ( , , )
m

m
,

,
(1)

The summation occurs for normalized atomic displacement
vectors (ε) with transformation properties matching a given
basis mode M(τ, m) and amplitude Aτ,m within the asymmetric
unit. A complete discussion of the mode-decomposition
approach is given in ref 21. This formalism further enables
the total atomic displacement pattern to be separated by
Wyckoff orbits k of using a linear combination of Wyckoff-
position (WP) dependent mode displacements

∑μ μ= |i A k iu e( , ) ( , )
k

k

where e(k) is a normalized atomic displacement pattern for
atoms belonging to a single Wyckoff position. In practice, these
are obtained from one or more of the symmetry-adapted modes
M(τ,m) appearing in eq 1.

Each mode in the decomposition can then be used to isolate
the type of symmetry element lost or maintained across the
hypothetical transition and the degree to which the deviations
occur, for example, measured in units of length. Relevant
symmetry elements in noncentrosymmetric NLO materials
include mirror planes, inversion, and rotoinversion, as described
recently in ref 23. In this case, the low symmetry phase is
noncentrosymmetric and obtained by at least one mode or a
combination of two modes that lift inversion symmetry in the
high-symmetry centrosymmetric phase. For the noncentrosym-
metric structures that are SHG active, this formalism can be
applied to any structure type and crystal class, independent of
the atomic building block geometry. It could be particularly
powerful for understanding how the atomic scale structure of
NCS materials that are not polar and lack discernible dipoles in
molecular units, for example, chiral or neither but still NCS
structures or chain-like units, support SHG.
Since the NLO properties depend on the unit cell structural

features,6,24 we formulate the following ansatz as the basis of
the SAFOR framework: The static SHG tensor of a
noncentrosymmetric (NCS) structure dij can be written as a
linear combination of effective symmetry-adapted mode
M(τ,m) contributions, that is, d M( )ij , relating the SHG-active
structure to a centrosymmetric (SHG-inactive) phase:

∑≃d d M( )ij ij
k

(2)

where each dij(M
k) is the SHG tensor of the structure obtained

by distorting the pseudosymmetric structure with mode Mk and
ε(τ,m) displacements. Note that each SHG tensor component
is proportional to components of the complete third-rank
second-order dielectric tensor. The k superscript indicates that
the mode may be further decomposed into WP-dependent
displacements, and the sum in eq 2 is performed over all modes
( ) required to describe the ground state symmetry.
We evaluate the ansatz by performing zero-Kelvin density

functional theory (DFT) calculations on BaB2O4 within the
local density25 and independent electron approximation,
neglecting quasi-particle effects, using density-functional
perturbation theory, as implemented in the ABINIT pack-
age.26−29 To achieve high-precision in the relaxed-ion nonlinear
dielectric susceptibility, we use a plane-wave cutoff of 800 eV
and 5 × 5 × 5 k-point mesh. Norm-conserving pseudopoten-
tials, generated with the Troullier-Martins scheme, are used for
all atoms with the following valence electron configuration:
6s25p6 (Ba), 2s22p (B), and 2s22p4 (O).
BaB2O4 is characterized by planar anionic [B3O6]

3− rings
stacked along the 3-fold axis with Ba2+ cations counterions
interleaved between the rings as shown in projection along the
trigonal axis Figure 1a. The polar β-phase is found in space
group R3c, point group 3m, and we identify a hypothetical
pseudosymmetric phase with symmetry R3 ̅c (3 ̅m) (Table 1,

Figure 1. Polar SHG-active (a) and pseudosymmetric (b) BaB2O4 structures. The inversion center is absent in the polar phase owing to theM(Γ2
−|e)

mode describing Ba2+ displacements (c), and M(Γ2
−|f) characterizing the rotation of [B3O6]

3− rings (d) about the 3-fold axis.
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Figure 1b). With the aid of the amplimodes software,30 we
perform the group-theoretical analysis of BaB2O4, decomposing
it into M(τ,m) modes. We find that the polar R3c structure is
obtained by a single symmetry-unique mode with atomic
displacements described by irrep Γ2

− with a total mode
amplitude (Aτ,m) of 5.19 Å, which as suggested by Wu et al.
provides some insight into the microscopic origin of SHG even
in the absence of an explicit calculation of the SHG coefficients.
We further decompose the Γ2

− distortion mode by Wyckoff
positions of the centrosymmetric R3 ̅c structure, that is, as two
Mk modes M(Γ2

−|e) and M(Γ2
−|f) depicted in Figure 1c,d. The

former describes displacements of the Ba2+ cations atoms in a
plane nearly perpendicular to the 3-fold rotation axis, while the
latter describes rotations of the anionic [B3O6]

3− rings about
the same 3-fold axis (Figure 1c,d). We find that the greatest
contribution to inversion lifting is from the “screw-like”
rotation of these borate rings (Table 2), accounting for

∼99% of the total distortion connecting the centrosymmetric
R3̅c to the polar R3c structure. This structural analysis alone
suggests that the borate rings should then make the strongest
contribution to the dij tensor; we investigate this supposition
explicitly next through the SAFOR analysis.
We now compute the dij coefficients for BaB2O4 with the R3c

fully distorted geometry (FDG, Table 3). According to
Kleinmann symmetry34 and the point group restrictions of

3m, the SHG dij tensor has only three independent, nonzero,
elements: d22, d31 = d15, d33. The dij values we compute with the
LDA functional are in good agreement with available
experimental data; there is a small underestimation of the
magnitude of the experimentally largest coefficient (d22),
indicating that our treatment of the electro-optical properties
of BaB2O4 at the DFT level is sufficient for extracting the
atomic structure contribution to the SHG coefficients.
Next, we evaluate dij by computing d M( )ij

k and summing the
individual contributions from M(Γ2

−|e) and M(Γ2
−|f). Table 3

shows that linearity is maintained (see the ∑ column) and that
the largest contribution to the SHG response comes from
M(Γ2

−|f), corresponding to the rotation of the [B3O6]
3− rings.

In contrast, mode M(Γ2
−|e) makes the largest contribution to

the “off-diagonal” (i ≠ j) SHG coefficients. The small
magnitudes found for the d31 and d33 coefficients show that
processes involving different orientations of the polarization
plane provide only a minimal contribution to the total response
of the material. The negative sign of d22 is indicative of a π
rotation of the incident light polarization plane about the
corresponding crystal axis.
To understand if this result is a consequence in the change in

the electronic structure due to the distortions, we compute the
electronic density-of-states (DOS) for each mode and compare
those results relative to the DOS obtained for the FDG in
Figure 2. First, we find an energy gap of about ∼4.4 eV. The
conduction band and the bottom of the valence band are
mainly formed by the O 2p and B 2p orbitals (atom site and
orbital angular momentum decomposed DOS not shown),
while the Ba 5p states contribute strongly deep in the valence
band region near −13.3 eV. Figure 2 shows that the fully
distorted structure can be reconstructed by a simple overlap of
the single mode contributions owing to the M(Γ2

−|e) and
M(Γ2

−|f) displacements, both resembling the global profile of
the electronic structure of the FDG. Thus, each geometric
distortion’s contribution alone to the SHG can be isolated from
its induced changes to the electronic structure; the atomic
displacement patterns are sufficient to explain the NLO
response.
The DOS obtained from the M(Γ2

−|f) distortion strongly
resembles that of the equilibrium polar R3c structure. Similar to
how this mode alone accounts for much of the d22 amplitude, it
also effectively generates the electronic structure for which the
optical transitions occur between. The rotation of the [B3O6]

3−

rings enables the off-ring oxygen atom with its nonbonding 2p
states to donate charge to the closest Ba atom under excitation
by the electromagnetic field of monochromatic light, because
the M(Γ2

−|f) displacements bring the atoms closer together. To
confirm this, we perform a computational experiment, where
we compute the dij(M

k) for Mk = 2 × M(Γ2
−|f), that is, we

double the amplitude of the ring displacements relative to the
value found in the equilibrium R3c phase. As shown in Table 3,
d22 is also nearly doubled. We find the charge on the off-ring
oxygen atoms is about 6× smaller, obtained by integrating the
atom-projected DOS, confirming the enhanced charge transfer
toward the closest Ba2+ cation. Interestingly, there is a cross-
coupling and nonlinear enhancement in the other allowed
coefficients: d31 increases by a factor of 3 and d33 changes sign
and increases by an order of magnitude. Understanding such
changes in the off-diagonal components from the various
atomic displacements requires a more thorough exploration and
is currently under investigation. Thus, the SAFOR method is

Table 1. Crystallographic Parameters for the Hypothetical
Centrosymmetric (R3̅c) and Polar (R3c) BBO Structures
Given in the Rhombohedral Setting (Z = 6)

centrosymmetric a = 8.3824 Å

R3̅c (167) α = β = γ = 96.86°

atom WP x y z

Ba 6e 3/4 0.3902 0.1099
B 12f 0.0144 0.1080 0.2356
O(1) 12f 0.0100 0.2221 0.1311
O(2) 12f 0.9073 0.6655 0.0881
polar−SHG active a = 8.3824 Å

R3c (161) α = β = γ = 96.86°

atom WP x y z

Ba 6b 0.3892 0.0333 0.7530
B(1) 6b 0.6310 0.7747 0.8560
B(2) 6b 0.0586 0.1022 0.8849
O(1) 6b 0.6577 0.8751 0.7347
O(2) 6b 0.6066 0.2710 0.6854
O(3) 6b 0.2921 0.0091 0.4399
O(4) 6b 0.1378 0.9725 0.9309

Table 2. Normalized Atomic Displacement Patterns e(k) for
Each Mode M Decomposed by irrep and Wyckoff Position
[(τ,m)|WP] Relative to the Atomic Positions in the
Centrosymmetric Reference Phase (Table 1)a

Γ2
−|e Γ2

−|f

Ba (0.73, 0.67, 0.13)
B (0.74, −0.67, −0.10)
O(1) (0.96, −0.16, −0.22)
O(2) (−0.46, 0.88, −0.07)
Ak 0.071 5.187

aThe decomposition is performed such that the arithmetic centers for
the structures are fixed. The amplitude Ak is in units of Å.
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able to distinguish the dominate displacement patterns
promoting second harmonic generation.
Once the distortions responsible of the SHG are

individuated, they can be tuned to modulate the NLO response
of the material. Our analysis suggests SHG can be enhanced in
polar materials by maximizing the density of polar atomic
displacements along the unique axis. We conjecture this result
is more general and that maximizing any noncentrosymmetric
distortions, that is, not necessarily polar displacements, could
increase the dij coefficients. Practically, the targeted displace-
ments obtained from the SAFOR identification can be
increased through, for example, mechanical constraints,
including hydrostatic pressure or epitaxial strain. Indeed, in
the former case, increasing pressure in BaB2O4 drives the off-
ring oxygen atom to shift closer to the Ba2+ cation, essentially
the M(Γ2

−|f) mode, favoring a transfer of bonding charge from
the B−O to the O−Ba bond.35 In the later thin film geometry,
substrate choice and epitaxial constraints with this knowledge
can be used to tailor the orientation of the [B3O6]

3− rings,36

which influence the SHG performance.37 We note that, because
the SHG performance also depends on the refractive index
along different directions in the crystal being similar at the
fundamental and doubled-frequencies, that is, the so-called
phase matching conditions, enhancing the polar distortions in
materials with strong electron−lattice interactions could be
detrimental to SHG, as this condition may be attenuated.
In summary, we formulated a general protocol integrating

group theory and ab initio electronic structure calculations that
is able to elucidate the SHG response in nonlinear optical
crystals. This SAFOR approach excludes a priori assumptions
on the presence of structural building blocks and atomic
polarizability arguments. It provides a symmetry-based
explanation of the atomics species, their geometric displace-
ment patterns, and changes to the electronic structure
underlying SHG. Moreover, it is not necessary to involve the
real-space analysis of the electronic charge density, overcoming

the ambiguities and nontrivial search for a reliable partition
metric. We tested the method in BaB2O4 and established a
linear relationship between the polar atomic displacements and
the diagonal dij tensor elements, revealing that the SHG mainly
originates from a screw-like rotation of [B3O6]

3− rings, which
enables charge transfer between Ba and oxygen atoms under
laser light excitation. Since the SAFOR protocol does not
impose any requirements on the crystal topology, we believe
the method will be particularly powerful for designing new
SHG compounds in diverse material families and chemistries.
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